This paper develops synthesis techniques for a particular type of single-sideband sinusoidal carrier which is phase modulated by a subcarrier. Mathematical expressions for signal efficiency, sensitivity of design to parameter variation, and ratio of peak to average power are derived and incorporated in a computer program. Given the desired power ratios for modulated signal components, the program solves for the corresponding modulation parameters and evaluates signal efficiency, design sensitivity, and peak to average power ratio. A sample signal design is presented for clarity. [comt + 6(t)] (1) where ,B, w. are constants and 0(t) is subcarrier angle modulation, the two SSB-AM-PM signals are si(t) = A exp [-f(t) 
subcarrier is selected. Third, the phase deviations of each subcarrier onto the carrier are determined. Selection of subcarrier frequencies is generally controlled by minimization of interchannel interference, and becomes an increasingly difficult problem with increasing numbers of data channels. Selection of angle deviations for data on each subcarrier is straightforward. Determination of phase deviations for each subcarrier onto the carrier is reasonably straightforward, and is treated in the literature [1] , [2] . Essentially, the phase deviations are chosen so as to satisfy constraints on ratios of powers of the modulation and residual carrier components.
It is possible to generate a single-sideband (SSB) signal by simultaneously amplitude-and-phase modulating a sinusoidal carrier with angle-modulated subcarriers. Such a signal is compatible with carrier demodulators used for the standard subcarrier-PM signal. It is the purpose of this paper to develop a general synthesis procedure for such signals.
Signal Modeling
The Basic Signal There exist eight unique mathematical models which give SSB-AM-PM signals for a sinusoidal (subcarrier) modulating function [3] . Four of these models give signals having upper sidebands. The other four give signals having lower sidebands. Of the four upper sideband signals, two actually have the modulating function in the carrier phase term. For a single subcarrier of the form f(t) = C COs [comt + 6(t)] (1) where ,B, w. are constants and 0(t) is subcarrier angle modulation, the two SSB-AM-PM signals are si(t) = A exp [-f(t) where A, w. are constants and the caret denotes Hilbert transform.
In the standard subcarrier-PM signal, the total modulated carrier power is constant, being shared between modulation products and residual carrier power. For modulation by a single subcarrier with relatively low phase deviation, the resulting power spectrum is localized in frequency with a delta function at (, representing the residual carrier, and other components at co++ncom where n is a member of the set of integers. The amount of power in any distinct spectral component, say that one at C)c±in, is independent of the subcarrier angle modulation function 0(t). That is, the total power in the firstorder spectral component (or any other component) is the same whether or not the subcarrier is modulated. This property also holds for the SSB-AM-PM signal. This may be verified by expanding the spectral densities of the modulated carriers in infinite series for the cases where the subcarrier is and is not modulated, and then applying Parseval's relation. Thus, a simplification may be made in that it is only necessary to consider modulating functions of the form
In the synthesis of the standard subcarrier-PM signal it is necessary to treat an arbitrary number k of subcarriers, since the power in each spectral component is dependent on the phase deviation of all subcarriers. However, in the SSB-AM-PM case, the power in any first-order subcarrier spectral component depends only on the phase deviation of that particular subcarrier. This may be shown for an arbitrary number k of subcarriers by expanding the analytic form [4] of the modulated carrier to obtain a k-fold product of infinite series. Application of the Cauchy rule for multiplying convergent series yields a series expression for the modulated signal from which the jth subcarrier term (of frequency w,+cwj) may be isolated. Thus, attention may now be restricted to the case of modulation by a single sinusoid of the form of (4) .
By expanding the analytic versions of s1(t) and s2(t) in MacLaurin series, (2) and (3) where Io denotes the modified Bessel function. Now, if an efficiency factor E is defined as the ratio of first-order component power to total power, (8) and (1 1) yield
The function E has an absolute maximum of s2(t) = A exp [3 sin (-01) 12. (27) Note that the peak to average power factor of (26) has value FP= 2 for no modulation, which is just the square of the peak-to-rms value for a sinusoid.
Synthesis General Technique
A digital computer is used in synthesis of standard subcarrier-PM signals in the interest of efficiency. Although the design equations are solvable graphically, obtaining the solution which maximizes efficiency requires iteration or "cut-and-try." Likewise, in the synthesis of the SSB-AM-PM signal a computer is used. A printout of the program used in obtaining results for this paper is appended.
The initial approach, here, is to set up a diagnostic program which solves (17) (22)- (24), (26), and (27).
It was mentioned earlier that maximization of an efficiency expression can not be used as a constraint on the solution for the SSB-AM-PM case. Observation of the printout of the diagnostic program described above shows why. Solutions are examined for k12 varying from 0 to + 15 dB and k22from 0 to -20 dB.
PAINTER: SYNTHESIS OF SSB-AM-PM SIGNALS (28) Over the bounded ranges given in (28) , both F2 and F3, the efficiency expressions defined in (23), are monotonically decreasing functions of l1. F, is monotonically increasing with f%. Observation also shows that kl2 is much more sensitive to f1 and C,, than is k22. The ratio of peak to average power F, is reasonably stable, varying from about 3 to about 6. Fig. 2 shows the variation in peak to average power ratio Fp, carrier factor Ca, and phase deviation 32, as a function of changing ratio of modulation to residual carrier power. The functions are plotted for signals where the second harmonic of the modulation is 20 dB below the residual carrier power and where total signal efficiency is greater than 99 percent. 81 -20.45 -17.28 -14.87 -12.98 -11.47 -10.23 -9.19 -8.32 -7.57 -6.93 -6.37 -5.87 -5.44 -5.05 -4 Design of a signal is naturally tailored to a particular communication system. In particular systems some design constraints may be more heavily weighted than others. For instance, in a particular spacecraft transmitter, there may be an absolute upper limit for peak to average power ratio. On the other hand, a particular ground system may have no limit for peak to average power ratio, but may require a high efficiency factor F2 to restrict higher order modulation components. It may happen, in a particular system implementation, that drifts in Ca, C:, due to hardware temperature and aging effects, are correlated. Then it may be desirable to choose a design which realizes a particular ratio of Sk1(C,a) to Sk1(CO). Consideration of the above observations on design constraints suggests that a general approach to synthesis of a SSB-AM-PM signal of the type dealt with here is the use of the diagnostic program. For fixed ki2, k22, the program gives as wide a range of solutions for C, Co, 01 as desired, and presents the various efficiency, sensitivity, and peak to average power factors. A unique solution is then chosen according to the constraints peculiar to the system at hand. On the other hand, a specialized synthesis program can easily be obtained by setting suitable boundaries on any or all of the various factors in the diagnostic program.
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Sample Design Table I is a computer printout of a design for ratios of first-order subcarrier component power to residual carrier power of +15.0 dB and second-order subcarrier power to residual carrier power of -15.0 dB. Of course, the second-order subcarrier component may be eliminated exactly by choosing C. = 1/CO2, (29) as may be seen from (17). However, there are occasions where a controlled amount of subcarrier second harmonic may be desirable. An example is a system wherein the subcarrier modulation is binary phase shift keying with a deviation on the subcarrier of + r/2 radians. In this case the subcarrier second harmonic is a ready-made reference for demodulation of the subcarrier.
Observation of Table I shows that the search for solutions is terminated by i1 reaching the boundary of 2.00.
Total efficiency, defined for the sum of residual carrier, first-and second-order subcarrier components, is seen to vary from greater than 99 percent to 79 percent. The efficiency for subcarrier components varies from 97 percent (ideal limiting value) to 77 percent. The various sensitivities are seen to vary considerably. The peak to average power ratio varies only from 2.9 to 4.75. The choice of the particular solution from Table I depends, of course, on the constraints of the system which gives rise to the choices of k12, k22. With no prior constraints, and based on the sensitivity and efficiency factors, one would probably choose a solution with ,3 between 1.00 and 2.00.
Conclusion
A synthesis technique has been given for selecting modulation parameters for a single-sideband carrier which is phase modulated by a sinusoidal subcarrier. The modulated carrier is a composite of two carriers which are each modulated in both amplitude and phase. The composite carrier is used in order to increase signal efficiency. An appended computer program, useful for signal synthesis, is applied to the solution of a sample problem.
